ENERGY ESTIMATES FOR WEAKLY 
HYPERBOLIC SYSTEMS OF THE FIRST ORDER 



MICHAEL DREHER AND INGO WITT 



Abstract. For a class of weakly hyperbolic systems of the form Dt — A{t, x, D^), where A{t,x, Dx) is a 
first-order pseudodifferential operator whose principal part degenerates like at time t = Q, for some integer 
U > 1, well-posedness of the Cauchy problem is proved in an adapted scale of Sobolev spaces. In addition, 
an upper bound for the loss of regularity that occurs when passing from the Cauchy data to the solutions is 
established. In examples, this upper bound turns out to be sharp. 
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1. Introduction 



In this paper, we study the Cauchy problem for weakly hyperbolic systems of the form 

J DtU{t,x) = A{t,x,D^)U{t,x) + F{t,x), (t, x) G (0, T) x M", 
I U{0,x) = Uoix), 



(1.1) 



where A{t,x,Dx) is an N x N first-order pseudodifferential operator. The precise assumptions on the 
symbol A{t,x,^) are stated in (11.71) below. 

In order to motivate these assumptions, let us discuss an example. Systems of the form (II. H arise, e.g., in 
converting mth-order partial differential operators P with principal symbol 



a™(P)(t,x,r,e) = ll{r-t'''fihit,x,0), U > 1, 



(1.2) 



h=l 



where E C°°([0, T], S^'^^ ) for 1 < h < m, into first-order systems. 
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Assuming strict hyperbolicity for t > 0, i.e., the fXh are real-valued and mutually distinct, it is well-known, 
see, e.g., IVRII-PETKOV fTOll . that the Cauchy problem for the operator P is well-posed in C°° if and only 
if the lower-order terms satisfy so-called Levi conditions. In case of (II. 2t . Levi conditions are expressed as 

P= Yl aja{t,x)t^^-^^''+'^\''\-"'^^DlD^, (1.3) 

j+\a\<Tn 

with the coefficients aja{t, x) being smooth up to t = 0. 

Operators of the form (II. 3t satisfying (II. 2t are particularly interesting because of two phenomena both 
occuring when passing from the Cauchy data posed at i = to the solutions in the region t > 0: One is a 
certain loss of regularity and the other one is that the singularities are possibly propagated in a non-standard 
fashion. These phenomena depend on the lower-order terms of P in a sensitive way. 

One of the first examples in this direction was given by Ql (T3\ . 

utt{t,x)-t\^^{t,x)-{4k + l)u^{t,x) = 0, G (0,r) xM, 

u{0,x) = ip{x), ut(0, x) = 0, 
where /c G N. The solution to (ll.4t is 

k 

u{t, x)=Y, Cjk t^W'-^Kx + 

j=0 

for certain coefficients cjk ^ 0. We see that u{t, •) for t > has k derivatives less compared to tp. One 
actually loses k derivatives for any real number k > —1/4, as can be shown by an explicit representa- 
tion of the solution using special functions, see TANIGUCHI-TOZAKI (15). The parameter k can even be 
a function k{t,x) with k{0,x) > —1/4 leading to a loss of regularity of k{0,x), see DREHER |3|. Fur- 
ther results concerning representation formulas for the solutions and the propagation of singularities can 
be found in Amano-Nakamura |T|, Dreher-Reissig 14], Ranges |8|, Nakamura-Uryu |12|, 
Yagdjian [ 18|, Yoshikawa (19). It is among the goals of this paper to establish corresponding results for 
first-order weakly hyperbolic systems. 

The first line of (11.41) is converted into a first-order system by setting 
where 

git, = (1 - X (t'(o/2)) (0'/' + X {t\o/2) m, 

and X G C°°(l+; M) fulfills x{t) = if t < 1/2 and x{t) = 1 if t > 1. The symbol g{t, ^ will play an 
important role later on. We then obtain 

DtU{t, x) = A{t, X, D^)U{t, x), [t, x) e (0, T) x M, (1.5) 

where 

A{t,x,0 = x{tH0/'2)(^m(l J) -^^^'(^(i,^,^) o)) +A2(t,:E,0, (1.6) 

b{t,x,^) := {Ak{t,x) + l)sgn^, and A2{t,x,^) comprises several terms of order zero, and other terms 
supported in the region t^(^) < 2. 

Generalizing (ll.6t . we are going to consider the Cauchy problem dl.lt with operators A(t,x,Dx) whose 
symbols are of the form 

A{t, X, = x(A(t)(e)) {XmiMt, X, e) - iUt-^Ai{t, x, + A2{t, x, O, (l.V) 

where Aq, Ai G C°°([0, T], S'^o) ), A2 G ^-^'^'^ + 5°'°'^ are x iV matrix-valued pseudodifferential 
symbols, the function A(t) = t'* for the fixed integer /* > 1 characterizes the kind of degeneracy at t = 0, 
A(t) := JlX{t')dt' = l3^t^*+'^ is its primitive, and /3* := + 1). The symbol classes S"''T'^ for 
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m, ry G M that are closely related to the kind of degeneracy under consideration will be introduced in 
Section im In fact, these symbol classes are characterized by two weight functions 



where m is the exponent of g{t,^) and rj — mis the exponent of Note that A{t,x,() in (11.71) belongs 

to the class S^'^'^. 

We will present a symbolic calculus for matrices A{t, x, ^) of the form (I1.7I) that for many purposes allows 
to argue on a purely algebraic level, leading in this way to short and compact proofs. 

We will also introduce function spaces 

j^.,5(x);A((^Q^ T) X M") to which the solutions U{t, x) to Ol belong. 
Here, s G M is the Sobolev regularity with respect to (t, x) for t > 0, while 6 = 5{x) is related to the 
loss of regularity at the point x G M". For instance, for s G N, 5{x) = 5 being a constant, the space 
F'*''^'^((0,r) X E") consist of all functions U{t,x) satisfying ks-j,s+s{t, x, D^)Diu G L'^{{0,T) x M") 
for < j < s and arbitrary kmr, e 5"".'"+^'*;^. The case of variable 6{x) will be discussed in detail in 
Section 3. 

Our main result is the following: 

Theorem 1.1. (a) Assume the symbol Ait, x, ^) in (II. 7t is symmetrizable-hyperbolic in the sense that 
there is a matrix Mq G C°°{[0,T], S^^^) such that | det Mo(t, x, ^)| > cfor some c > and the ma- 
trix {MQAQMQ^){t, X , ^) is symmetric for all {t,x,^) G [0,T] x M" x (M" \ 0). Then there is a function 
6 G e°°(M";M) such that, for all s > 0, C/q G i7^+/3*<5Wi, ^ ^ F^''5(^)'^((0, T) x M"), system 

dl.ll) possesses a unique solution U G //'^'^^^-''^((O, T) x M"). Moreover, we have the estimate 

\\U\\fjs,6(xy,\ < C {\\Uq\\^s + I3,S{x)1, + ||-F||/^a,5{i:);A) (1.8) 

for a suitable constant C = C{s, 6, T) > 0. In particular, the loss of regularity that is indeed independent 
of s > does not exceed (3t,5{x)U. 

(b) In (a), we can choose any function 5 G S°°(M";M)/or which there is matrix Mi G S^'^^ such that the 



holds for all (x, ^) G M" x (M" \ 0). Here [ , ] denotes the commutator and Re Q := {Q + Q*)/2. 

Remark 1.2. (a) Part (a) of Theorem 11.11 continues to hold if one solely assumes that A G OpS'i'i'^ and 
there is an invertible M G Op 5'°'°''^ such that lm{MAM^^) G Op cf. Lemma lO In this situation, 

however, we have no simple formula for 6 G i3°°(M"; M). 

(b) The loss of regularity for the weakly hyperbolic operator P from il.3l equals /?^, ((5(x) + m — 1)/* , where 
6 G (M" ; E) is the function satisfying il.9i for the first-order systems arising by converting P. 

The paper is organized as follows: In Section 2, we introduce the symbol classes S^'^'^ and certain sub- 
classes S"^'V;>' thereof, where the latter contains symbols A{t, x, ^) that possess "one and a half principal 
symbols 

A similar calculus, but differentiation with respect to t is included in the pseudodifferential action, was 
estabhshed by WiTT (TtI- In case l^, = 1, there is related work by BOUTET DE MONVEL JOSHI 1 1 1 1, 
YOSHIKAWA 1191, and others. 

Eq. (O actually defines the class S^'^'^, where a^{A){t,x,C) = X{t)\^\Ao{t,x,(,), = 
—il^:Ai{0,x,^) for A{t,x,^) as given there. According to Theorem ll.il (T^{A){t,x,^), a^'^{A){x,^) are 



h{t,o ■■= (1 -x(A(0(O))(o^* +x(A(t)(or\ 



inequality 




(1.9) 
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exactly the symbols which are needed to symmetrize system (ll.lt and to read off the loss of regularity, 
respectively. In particular, for Ql's example (11.51) . we have 

We choose Mo{t, x,0 = hi\'i)^ {MiM^^){x, i) = \[ ) (0' ^' and obtain 

Re (Mo^i Afg-i + [M^M^\MM'lt] ) (0, ^, = ^ ~(f ^ ^ + 5) (0, x, 0- 

This leads to a loss of regularity of | Re k{0, x) + || — | for Eq. (I1.4t . see Remark fT!2l (b). Moreover, this 
result is sharp. The reason that we decided to introduce 6 G B°°{W^; M) in il.9i via an estimate (rather than 
an equality) is that the factual loss of regularity is Lipschitz as function of x, but may fail to be of class C^, 
as this example shows. 

Section 3 is concerned with properties of the function spaces H^'^^^^''^{{0, T) x M"). We extend results of 
Dreher-Witt |6| from the case of constant 5 to the case of variable 5{x). Our main result Theorem ll.ll is 
then proved in Section 4. In Section 5, some special cases in which the a priori estimate (11.81) is employed 
are considered: differential systems, systems with characteristic roots of constant multiplicity for t > 0, and 
higher-order equations. Choosing the matrix Mi suitably, we will find that the upper bound for the loss of 
regularity, as predicted by inequality M.% . coincides with the actual loss of regularity, as known in special 
cases, see, e.g., Nakamura-Uryu 1121 . In a forthcoming paper, we will provide lower bounds for the loss 
of regularity for system dl.U . and we will show that for a wide class of operators the a priori estimate given 
in the present paper is sharp. 

Finally, in an appendix we provide an estimate that is useful to bring the remainder term A2{t,x, D^) € 
Op50,0;A + Op5-i'i'^ C L°°((0,r),Op5f;o) nt-iL°°((0,r),Op5?o) under control. 



2. Symbol classes 



2.1. The symbol classes S^'^' . In this section, we introduce the fundamental symbol classes S™"'^'' for 
m, € M. For an mth-order symbol a{t, x, ^), the belonging of a to S"^'"^''^ expresses the fact that o"'"(a) 
degenerates like A™(t) at time t = 0, and it expresses sharp Levi conditions on the lower order terms as 
well. Note that corresponding symbol estimates (involving the functions g, h from (12.11) ) are predicted by the 
definition of the function spaces H'^'^'^ in Section|3l To be able to deal with operators that arise in reducing 
dl.ll) with the help of the operator O from Lemma l331 where the latter is zeroth-order for t > 0, but of 
variable order when restricted to time f = 0, we further introduce the symbol classes S'™''''^ as 

slightly enlarged versions of 3"^'^^^, but for m G M, ?? G ;B°°(M"; M). 

In the sequel, all symbols a{t, x, ^) will take values in x A^-matrices, for some G N. 

Let 

-git,0 := Htm + (0^% Ht,^) := {t + {()-^')-\ (2.1) 

Definition 2.1. (a) For m, r/ G M, the symbol class S""''''^ consists of all a G C°°([0, T] x M^"; MnxnCC)) 
such that, for each {j, a, (3) G N^"*"^", there is a constant Cjap > with the property that 

\did^d^^a{t,x,0\ < Cj^p-g{t,irh{t,if-^+^e)-\P\ (2.2) 

for all (t, X, £) G [0, T] x 

(b) For m G M, 77 G S°°(M";M), and 6 G N, the symbol class 5™''''^ consists of all a G C°°([0,T] x 
M^"; MATxAf (C)) such that, for each (j, a, (3) G N^+^"', there is a constant Cjap > with the property that 

\did^d^^ait, x,0\< -git, iTHt, (1 + I log hit, a I) (e)-l^l (2.3) 
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for all {t, X, G [0, T] x M^n, Moreover, we set 

'(b) ■ 



Qm,r};\ I I Qm,r];\ 



As usual, we set 

see Proposition 12.41 (a) and also (b). Similarly for 5'^°^''''''', S^^'^'^. 

Remark 2.2. In view of gh}* ^ {^) and gh^^ ~ 1 + A{t){^), estimate (I2.2t is equivalent to 
and 

\did^d^^a{t,x,^)\<q^^{i+Am)rHt,cr-'Ho-^^\ 

respectively. A similar remark applies to (12. 3t . 

We discuss some examples of further use: 
Lemma 2.3. Let m, rj eM.. Then: 

(a) g'^hJI-'^ £ gm,ry,\_ 

{h)Fora G C°°([0, T]; S"") andl^Kae S'™.'^('*+i)-';^ if and only if 

(c) Let X G C°°(l+; M), = Oift< 1/2, xit) = lift> 1. Then 

while x'{t,0 := l-X+(i,0 G 5—'°'^. 

In particular, from (a), (b) we infer 

A(t)(0 G S^'^'\ {t + (0"^*)"^ G 5°'^'^, A(t)(0 G 5^'°'^. 

In the next proposition, we list properties of the symbol classes S"^'^'^ for m, G M (with proofs which are 
standard omitted): 

Proposition 2.4. (a) S"^'^'^ C 5™':'?';^ m<m',r]< r/'. 

(b) Lef a G 3""''^'^. Then ^ S""''"^'^ for some m' < m implies a G 8"''''^'^. In particular, if 
a{t, X, = 0/or A(t)(0 > C and certain C > 0, a G 5'""°°''''^. 

(c) //a G f/jen d{d^d^a G 5"^-l/3|>'?+i-l/3|(i.+i);A_ 

(d) //a G 5'"-'''^, a' G 5'^''''''^ f/jf^w a o a' G 5™+'^''''+''''^ and 

aoa' = aa' mod 5-W-i,W-(«.+i);A^ 

where o denotes the Leibniz product with respect to x. 

(e) //a G 5""''''^, f/zf'?! a* G 5™''''^ 

a*(t, a;, = a{t, x, 0* mod 
where a* is the (complete) symbol of the formal adjoint to a{t, x, Dx) with respect to L^. 
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(f) If a G S'™''''^([0, T] X M^n. Matxjv (C)) « elliptic in the sense that 

|deta(t,x,OI >ci(r(i,0/i'""^(i,e))'^, G [0,T] xM^n^ |^[ > 

for some ci, C2 > 0, then there is a symbol a' G S^^'^^''^ with the property that 

aoa' - 1, a'oa - 1 G C°°([0, T]; 5^°°). 
Moreover, a' is unique modulo C°°([0, T]; S*^"") anJ 

a' = mod 

(g) n..,5"'''''^ = C°°([0,T];5-~). 



Similar results hold for the classes S'™''''-^ for m G M, r/ G S°°(M"; M): 
Proposition 2.5. (a) 5'|^-)''''''* ^ ''^ *^=^ ^ "i'> ^ V' b < b' if rj = rj' . 

(b) S"^'^;^ C 5+ '''•^ C n,>o 5"^'^+^'^. 

(c) //a G a G 

(d) // a G D^^^ , a G d^j^,^ , men a o a G ^(j^j^y^ <^na 

„ on' - nn' mnd c"»+'"'-l'W-('.+l);A 

(e) //a G 5™''''^, ^/tf'?! a* G Sj^^''''^ an J 

a*(t,x,0 = a{t,x,0* mod S'™;;;^^'''"^'*"^^'''^ 



(f) ^JJ''^ C L°°((0, T); Sis) for any < 6 < 1. 
From Proposition 12 . 5 1 ( f) we conclude: 

-,0,0; 
'(0) 



Corollary 2.6. Op^O'^^^ C Op 5°'°'^ C C{L^). 



2.2. The symbol classes S^'^'^. To establish precise upper bounds on the loss of regularity in Theo- 
rem ll. 11 (b). we now refine the fundamental symbol classes 5""'^;-^ to S"^'V;^^ where symbols a{t, x, ^) in the 
latter class admit "one and a half" principal symbols cr'"(a), a"^~^''^{a). These principal symbols enable us 
to read off the loss of regularity. 

Definition 2.7. For m, r/ G M, the class S"^^v;>' consists of all a G 5™ '''^ that can be written in the form 

a{t, X, = X+(i, {aoit, + x, + a2(i, x, 0, (2.4) 

where 

ao G C°°([0,r];S("^)), ai G C°°([0, T]; 
and 02 G 5""-2.'?;A _^ ^m-i,7?-i;A ^^-^^^ ^^^^ dl^t we associate the two symbols 

a^{a){t,x,0 :=t-'^ao(t,x,t'*+iO, a™-i'''(a)(x, :=ai(0,x,O. (2.5) 

Remark 2.8. The symbol components C)t~'^aj{t, x, in (|2!4J for j = 0, 1 belong to 5"^-i.^;^, 

while a2(t, x, ^) is regarded as remainder term. 
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For further use, we also introduce 

a'^'\a){x,0 :=ao(0,x,0. 
Note that this symbol is directly derived from cr"^(a). 

In the sequel, we shall employ the symbols 

Note that (7 ~ ^, /i ~ /i so that the symbol estimates (I2.2t are not affected by this change. 
Example 2.9. (a) Let m, G M. Then g'^h'>-"' G 5™''''^, 

cj'"(5™/i''-™) = = 0. (2.6) 

(b) Let a{t, x, ^ := E|a|<m ^) td^K^'+i)"'")^^", where a„(t, x) G e°°([0, T] x R") for |a| < m. 
Then a G 5™''"'^, 

a-(a)= ^ a,„(t,x)(t'*er, 

|«|=m 

~m-i,m. X ^ l'E|a|=m-i«it.(0,a;)e" if m > 1, 

[0 if m = 0, 1. 

The introduction of the principal symbols a"^{a), a"^~^''^{a) is justified by the next lemma: 
Lemma 2.10. (a) The symbols a"^{a), a'^^^'^{a) are well-defined. 
(b) The short sequence 

g ^ gm—2,ri;\ _j_ ^m— 1;A ^ Qm,ri;\ j^^m,jj;A ^ q K-^- ' ) 

is exact, where SS'™''''^ := A'"(t)t~''+™ C°°([0, T]; £'('")) x ^('"-i) is the principal symbol space. 
Proof. For a G S'"^'^'-^ represented as in (I2.4t . we show that 

This gives (a) and also the exactness of the short sequence (I2.7t in the middle. Since the surjectivity of the 
map (cr"*, a^~^'^) is obvious, the proof will then be finished. 

So, let us assume that / or ai\^^^ / 0. If aq ^ 0, then \a\ > C'^ g"^h''-"^ for A{t){0 > C in some 
conic set, and C > sufficiently large. Hence, a ^ S"''^''^'^ + 5'™-i.'?-i;^. if oq = 0, but oi j^^^ ^ 0, then 
we write 

ai{t, X, C) = bo{x, + tbi{t, X, 

whereto G S^"'~^\ h G C°°([0, T], S^™"!)). But 6 2;, t^'+^O G while 

X+{t,^)t-ibo{x,t^'+^0 i S"^-^''''^ + 5"^-i.'?-i;A in view of 5o + 0. Hence, again, a ^ ^"^-^•'''^ + 

^m— 1,77— 1;A 

Now, assume ao = and aij^^^ = 0. Write ai(t,x,0 = tbiit,x,0, where 61 G C°°([0, T], S'(""-i)). 
Then 

a{t, X, = X+(i, t-'^^Xit, X, t'*+^0 + «2(t, X, 0- 
But x+(t, e S'™-!'''-!'^, hence the claim. □ 



Finally, the next two results partially sharpen Proposition 12.41 
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Proposition 2,11. (a) If a G S'^^v;^^ a' G 5™''^''^, then aoa' e 3""+"^' ^v+v' and 
(a o a') =a"'{a)a"''{a'), 

(b) //a G S""-'''^, f/jf'n a* G ^'"'''•^ anc/ 

(c) //a G 5™''''^([0,r] X R2";MjvxJv(C)) is elliptic, then |deta™(a)| > c (tC'+i)™"'' ^ for some 
c > anJ f/ie symbol a' from Proposition 12.41 (f) belongs to S~^~''^''^. Moreover, 

cj (a j = fj (aj , (T ' '{a) = —a [a) a ''(a) a [a) 

Proof. A straightforward computation. □ 
Lemma 2.12. Let a G S""'"^'^ and = + l)m. Then 

dta G ^^-I'^+i'^ + 

Proof. We have 9ta G 5™-'?+!;-'* and, in general, 

Therefore, a'"'''+i'^(9ta) = Oincaser/ = (Z* + l)m. The latter implies that G S''»-i.'?+i;A+5'm,r?;A_ □ 

Remark 2.13. (a) For the reader's convenience, we summarize what vanishing of the single symbolic com- 
ponents for a G S'"^'^'-^ means: 

• (j'"(a) = 0, a'"-i'^(a) = a G S"'-^'^;^ + S'^-i,'?-!;^, 

• a™(a) = ^ a G 5™"!'^'^. 

• a™'^(a) = ^ a G ^"^-^■'''^ + ^'"''7-1;^. 

(b) Using the fact that asymptotic summation in the class S^'^'^ is possible one can introduce the class 
^m.f/.A symbols o G S'^^'^''^ obeying asymptotic expansions into double homogeneous components, and 
then it turns out that 

^m,rj;X gm,rj;X _|_ gm—2,ri\\ _j_ ^m— l,r)— 1;A 

The latter relation means that in S^-'V;^ precisely the two symbolic components from (I2.5I) survive. (Details 
on the class S^'^'^ will be published in a forthcoming paper 0.) 

3. Function spaces 
In this section, we introduce the function spaces 

^s,5;\ for s G M, (5 G 0°°(R" ;M) and investigate their 
fundamental properties. In case s, 5 G M, these function spaces were introduced by Dreher-Witt |6l as 
abstract edge Sobolev spaces. Here, we shall assume that the case of constant 5 is known. Then the case 
of variable 5 is traced back to this previously known case. The key is the invertibility of the operator 0, as 
stated in Lemma l331 

Definition 3.1. For s G N, 5 G S°°(M";M), the space H^'^'^ consists of all functions u = u{t,x) on 
(0, T) X M" satisfying 

{g'-Oh^^+^)i'-){t^x,D.^)D{u G L2((0,r) X R"), < j < s. 
For general s G M, (5 G i3°°(M"; R), the space H^'^'^ is then defined by interpolation and duality. 

In particular, in case s > 0, we have x, D^) u G -L^((0, T) x R") for any u G H"^^'^^. 
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Remark 3.2. (a) Strictly speaking, before Proposition B. 51 (a) we actually do not know that the spaces H^'^'^, 
firstly defined for s € N, interpolate. Therefore, it is only after Proposition 13 .51 (a) that we get Lemma l331 
and Proposition 13. 4l in their full strength. 

(b) Below we shall make use of Definition l3.1l as follows: 

(i) For s G N, (5 G e°°(M"; R), u G H""'^'^ if and only if g'-^t, D^)d{u G H^'^+^^ for < j < s. 

(ii) For 6 G ^°°(M" ; M), u G H°'^'^ if and only if h^^' {t, x, D^)u G L^. 

For K > 0, <5 G S~(M";M), let (Ox := {K^ + xU^^^) ■= ximiOx), XK{t,C) := 1 - 

xj(t,0' and 

G(t, X, = eK,5(t, X, := XKit, (0^*'^"^'* + xUt, i-'^"^'* • 

Note that e{t, x, D^) G Op ^J)^"^^'*'^. 

Lemma 3.3. Given 6 G 0°°(R" ; M), there is an Ki > such that the operator 

e{t, X, D^) : i/"'-^';^ ^ ^«,'5'-5;A (3 J) 

/5 invertible for all s G M, (5' G fi°°(M";R), and K > Ki. Moreover, Q'^ G Op Sj^"'^^'''^'*'^. 



Proof. Here, we will prove invertibility of the hypoelliptic operator Q{t,x, Dx), for large ii' > 0, and 

^0 - 

'(0) 



also the fact that Q{t,x,Dx) ^ G Op 5?'-, '^(^)'*''*'_ xhe proof is then completed with the help of the next 



proposition. 

The symbol @K.s{t-, x, £,) belongs to the symbol class g'^^^^^^* -^^ but with parameter K > Kq > 0. Similarly 
for QK,-5{t,x,$^). If R'j^ := @k,5 ° &K.-5 — Qk,5Qk-5, then, for all a, /? G N" and certain constants 

Ca/3 > 0, 

\d^dlR'j,{t,x,0\ < Cap ((0^* + A(t)(Oi^)"'(*+ (07/*)"' 

X (i + |iog(t + (e)/-)|)'+l°l(0/', (t,x,e)e[o,r]xR2", K>Ko>o 

(i.e., we have estimates i2.2l . but with {^) replaced by {^)k)- From the latter relation, it is seen that 
R'Kit, x,0 -'O in L°°{{0, T); as K ^ oo, i.e., R'j^{t, x, D^) ^ in ^(L^) as K ^ oo. 

Now, let Rk := Qk,s ° Qk,-5 - 1, i-e., Rr = R'k + Qk,5Qk-S - 1- Since {&K,s&K,~5){t, x, D^) 1 
in C{L'^) as K ^ oo, it follows that RK{t,x,Dx) ^ in C{L^) as K ^ oo. Thus, @k-5 o (1 + Rk)~^ 
is a right inverse to @k,5, for large K > 0. In a similar fashion, a left inverse to @k,5 is constructed. 

Moreover, O^^ = 0^' _5 mod Op5_(_°°' '^^^^'* ^'*'''^^''^, as is seen from the constructions. □ 
Proposition 3.4. Form, s G M, r/, 5 G S°°(M";M), we have 



OpS^j'^'^ C <( _^V_ ^ ' ;V" (3.2) 
Proof. We prove (13.21) in case m > 0; the proof in case m < is similar. 

By interpolation and duality, we may assume that s — m G N. Then we have to show that, for < /c < j < 

s — m, 

provided u G H'^'^''^. We have 



(C{H'^^-^\ HS-m,5+^m+^;X^ if m > 0, 



H'^^^"^'^) if m < 0. 
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with h"'-^g-"'-^+^{Dl~''A) G Op5(7_+5'°'^ and a remainder R G g^~J~Us-mu+i)+5U-k;X_ ^^^^ 
Op 5'^^^^,^''^'^ C OpS'^'p^''^ and h^^^^'l'-* g^~^D^u G by assumption, i.e., the first summand on the right- 
hand-side of (13. 3t belongs to by virtue of Corollary 12.61 The second summand is rewritten as 

RD^u = Rg-'+\<dK,s+8)-^eK,s+59'-''D';u 

for some large > 0, where Rg-'+^{<c)K,s+6y^ G Op S'+-''+''"^'"^'*+^^'-^ C Op5'°'0'^ and again 
Qx,s+sg''' ''D^u G L^, i.e., also the second summand on the right-hand-side of (13. 3t belongs to L^. □ 



In the following result, we summarize properties of the spaces H'^^^''^. 
Proposition 3.5. Let seR,6e B°°{W';R). Then: 

(a) {H'^'^'^; s G M.} forms an interpolation scale of Hilbert spaces {with the obvious Hilbert norms) with 
respect to the complex interpolation method. 

(b) //'^'^'^l ^^T,^T)y.w^ = H%{T',T) X W) for all (XT' <T. 

(c) The space C~^p([0, T] x M") is dense in H"'^'^. 

(d) For s > 1/2, the map 

[s-l/2]- 

HS,S;X^ n F^+^*^(^)^*-^*^-^*/2(M-), --(l?M,=o)o<,<[.-i/2]-' (3-4) 
j=0 

where [s — 1/2] ~ is the largest integer strictly less than s — 1/2, is surjective. 

(e) C H^''^''^ if and only if s > s', s + f3M* > s' + Moreover, the embedding {u G 
jjs,6;X.^ suppti C K} C for some K d [0, T] x M" is compact if and only if s > s' and s + 
P^d{x)U > s' + j3tf5' {x)ltf for all x satisfying (0, x) G K. 



Proof. For s, 5 G M, it is readily seen that Definition 13 . 1 1 coincides with that one given in Dreher-Witt 
||6J. In this case, proofs may be found there. For variable 5 = 5{x), we exemplarily verify (a), (d): To this 
end, we write H'^'^'^ = Q-^H'^'^'^ for s G M, with being the operator from Lemma l331 

(a) Since {i?*''^'^; s G M} is an interpolation scale, {i?*'^'^; s G M} is also an interpolation scale with 
respect to the complex interpolation method. 

(d) Let := Diu\^^^. Then 7^- Qu G i7^-/3.j-/3*/2(]^n^) ^j. < j < [s - 1/2]", since (Ell holds if 
5 = 0. 

Now, H''^-^^ W^jZo^^' fjs+f3,S{x)U-f3,j~i3,/2(j^n^^ ^ ^ (^j^) o<i<[s-i/2]- foUows from 

while the surjectivity of this map is implied by the reverse relation 

7j Qu = {D^fj^^^''^'"' jju 



and the surjectivity of (13 .4t in case 6 = 0. □ 



We also need the following results: 
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Proposition 3.6. (a) Ifq{t,x,D^) e Op5j°'^ is invertible on H'^^'^ for some s e R, 5 £ ,B°°(M";M), 
then q{t, x, D^) is invertible on H'^'^'^for alls eR,6 e B°°(M"; M) and 
qit,x,D,)~^ eOpS'^^^'\ 

(b) Conversely, if go G C°°{[0,T]; S^^^^) and qi G S^~^^ are given, where \det qQ{t , x , ^)\ > c for all 
{t, X, ^) € [0, T] X M^" and a certain c > 0, then there is an invertible operator q{t, x, D^) € Op S'^'^'^ in 
the sense of (a) such that 

Proof, (a) By conjugating the operator q{t, x, D^) with the inverse of {g'^h^^*Q){t, x, D^), where Q{t, x, ^) 
is as in Lemma l331 we may suppose that s = 0, 6 = 0. From the invertibility of q{t, x, Dx) on //0,0;A^ 
then conclude the ellipticity of the symbol q{t, x, ^) in the standard fashion, i.e., we have | det q{t, x,^)\ > 
c\ for all G [0,r] x M^", |^| > C2, and some constants ci, C2 > 0. By the analogue of Proposi- 

tion l2.4l (f) for the class S^^q^'^, there is a symbol x, ^) G '5(1^)''^ such that 

gogi-l EC7-([0,r];5-~). 
It follows that 

q{t,x,Dx)q{t,x,Dx)-^ = q{t,x,D^)qr{l,,x,Dx) mod C°°([0, T]; Op 5"^), 
i.e., by multiplying both sides from the left by x, D^)'^ £ Op 5°^, ([0, T] x M" x M"), 

q{t,x,Dx)-^ =qi{t,x,Dx) mod C7°^([0, T]; Op 5"°°) 
and Q(t,x, G Op 

(b) The rather long proof is deferred to Appendix A.2. □ 

4. SYMMETRIZABLE-HYPERBOLIC SYSTEMS 
In this section we prove our main result Theorem ll.il 

4.1. Reduction of the problem. For A E Op 5^'^''^, throughout we shall adopt the notation 

aHA){t,x,o = HtmMt,^,o, = -i/*^i(x,e), 

where Aq € C~([0, T];S^°^), Ai G S^°\ Likewise, for the symmetrizer M € Op 5°'°'-^, we shall write 

a°(M)(t,x,e) = Mo{t,x,0, a-^'°(M)(x,0 = -ih\^\-'Mi{x,0, 
where Mq e C7~([0, T]; ^(o)). Mi G S^^l Condition (O is 

Re {MoAiMq^ + [MiMo-\MoAoMo-i]) < <5(x)l^. (4.1) 
Remark 4.1. Because Moj4oMq'^ is symmetric, 

i.e., (I4.lt amounts to choose Im{MiMQ^) appropriately. 

Lemma 4.2. For system (ll.lt with A{t, x, ^) € S^'^'^, the following conditions are equivalent: 

(a) There is an Mq G C°° ( [0, T] ; S'^''^ ) such that \ det Mq {t,x,(,)\ > c/or some c > and the matrix 

{MoAoM^^){t,x,0 
is symmetric for all {t, x, C) G [0, T] x E" x (M" \ 0). 

(b) There is an operator M{t, x, Dx) G Op S^'^'''^ that is invertible on such that 

Im{MAM-^) G Op 5°'^'^, 
i.e., Im o-^(MAM-i) = 0. 
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Proof. If (a) is fulfilled, let M(t, x, D^) E Op 5°'°-^ be invertible such that cr°(M)(t, x, ^ = Mo(t, x, C). 
Such an operator M exists according to Proposition 13 . 61 (b) . Then we have that the matrix 

a\MAM~^){t,x,0 = X{tm {MoAoM^^){t,x,^) 

is symmetric for all {t,x,(,),i.e., a^{lm{MAM-^)){t,x,0 = and Im(MAM"^) G OpS'^-^^^. 

Vice versa, if (b) is satisfied, then we can take a^{M){t, x, ^) for MQ{t, x, ^) in (a). □ 

Definition 4.3. System (ll.lt is called symmetrizable-hyperbolic if the conditions of Lemma l4.2l are fulfilled. 
It is called symmetric-hyperbolic if A(){t, x, ^) is already symmetric, i.e., Im yl G Op S^'^'''^. 

Proposition 4.4. In the proof of Theorem ll.il we can assume that 

A{t, X, i) = x+(t, (A(t)lel Ao(t, X, i) - iUt'^Aiix, 0) + A2{t, X, 0, (4.2) 
where Aq e C°°([0,r]; S^), Aq = A*^, Ai G ^W, 

ReAi{x,0 < 0, 
and A2 G 5-1-1;^ + 5°'°'^; and 5 = {). 

Proof. Note that (14.21) means (T^(>l)(t, x, ^) is symmetric, while Im cj*^'^ (A) (x, ^) > 0. 

Let the assumptions of Theorem 1 1.1 1 be satisfied. In particular, let 5 G B°°{W^; M) satisfy (11.91) . We reduce 
dl.ll) in two steps. 

(a) Using the symmetrizer M G Op 5"'*^'^, that is an isomorphism from H^'^''^ onto H^^^''^ for all s G M 
by Proposition 13 .41 while M(0, x, D^;) is an isomorphism from i7'^(M") onto if'^(M"), instead of dl.ll) we 
consider the equivalent system satisfied by V := MU: 

( DtV{t,x) = B{t,x,D^)V{t,x) + G{t,x), (t, x) G (0, T) x M", 

[ V{0,x) = Vo{x). ' ^"^-^^ 

where B = MAM-^ + {DtM)M-\ Vq = M(0, x, D^)Uo, G = MF. 

We have B G Op S^'i'^, a^^) = A(t)|C| {MoAoM^^){t,x,i), 

a^'^{B) = a^^^{MAM-^) = -ih {MqAiM^^ + [MiM^^ , MoAqM^^]) 

according to the composition rules in Proposition 12. Ill In the last line, it was employed that {DtM)M^^ G 
OpS^'i'^, a-°'i((AM)M-i) = by virtue of Lemma lTTH 

Thus, we can assume that AQ{t, x, ^) is symmetric, Mo(t, x, ^) = 1^, and Mi(x, ^) = in Theorem ll.il 
In this first reduction, 6 has not been changed. 

(b) Now assume AQ{t,x,^) is symmetric, Mo(t, x,^) = 1^, and Mi(x,^) = 0. Then using the operator 
O from Lemma l33l that is an isomorphism from H^^^''^ onto H^'^'^ for all s G M, while @{0,x, Dx) = 

(Dx)'^^^^^^* is an isomorphism from H'^^^*^^^^^* (M") onto i/'^(M"), instead of dl.lt we consider the equiv- 
alent system satisfied hy V := QU: 

( DtV{t,x) = B{t,x,Dx)V{t,x) + G{t,x), (t, x) G (0, T) x M", 

[ V{0,x) = Vo{x). ' ^^-^^ 

where this time B = QAQ-^ + (A0)0~\ ^0 = ©(0, x, DM, G = @F. 

Bv Lemmal43]below. OAO-^ + (A©)©"^ G Op^^'^'^, ^^(e^e-i + (A©)©"^) = A(t)|C|^o, 

aO'i(0Ae-i + (Ae)0-i)(x,O = -^Z* (^1(2;, 6 - In. 
Thus we can, in addition, assume that Re Ai < 0. This second reduction changes 6 to zero. □ 
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Lemma 4.5. Let 6 be as in Lemmal331 Then QAQ~^ + {DtQ)Q'^ G Op S^'^'^ and 
a\eA<d-^ + (Ae)e-i) = a\A), 
a^'^{QAQ-^ + {DtQ)Q-^) = a^'^{A) + i5{x%lN- 

Proof. We have 6^9-1 G Op^^'i'^ and a^QAO-^) = a\A), ^^'^(e^G-^) = d^'^^iA) because of 
QoAoQ-^ = Qk^sAQk^-S = A mod 



= xm)Kx' {Mm)K)xKii^o{iciA{tmKr^''^'^'* 
+ xmoK x' (AmoK) x^it, 6(1 - iciAitmKf*'^'^'*) 

-6{x%xUt,0xKii^0Hm)K{ciA{m)K)-^''^''^''-' 



with ci = h + 1. The first three summands on the right-hand side belong to S since we have, e.g., 

X'it) (1 - xit)) € Cc'Snp(l^+); thus, di < A{t){C)K < d2 for certain constants < di < d2 on the 
support of the first summand and the derivatives of {ciA{t){S_) k)~^*^^^^^* with respect to x do not produce 
logarithmic terms in the estimates. 

Thus, we obtain 



(A©) o 0" = iS{x% x^{t, t mod S-^'^'^, 
i.e., {Dte)e-^ € Op^i'i'^ andCTH(A©)0"^) = 0, ct°'H(A0)0"^) = iS{x%lN, as required. □ 



4.2. Proof of Theorem ll.il We now come to the proof of the main theorem. We divide this proof into three 
steps. Thereby, we always assume the reductions made in Proposition 14.41 

First step (Basic a priori estimate). Each solution U to system (ll.lt satisfies the a priori estimate (II. 8t in 
case s = 0, i.e.. 



where C = C7(r) > 0. 

Proof. First recall that i?°'0;^((0, T) x M") = ^^((o, T) x M"). 
Rewrite (ll.lt in the form {dt — B)U = iF, where 

B{t, x, = iA{t, X, = Bi{t, X, + Br{t, X, 0, 
Bi{t,x,0-iX+{t,0 {Xm\Ao{t,x,0-iht-^Ai{x,0) G S~^'^'\ 

and Br G S'^''^''^. By construction, 

iBi+Bl){t,x,0<2q{t,0lN, 

where = Cg{t,0~^h{t,£,f and jlq{t',Cldt' G L°°((0, T), 5?o)- From LemmalO we infer 



Furthermore, 



(Ae) o = {DtQK^s) Qk,-& mod s: 

so we consider the product {Dt@K,5) &K,-5- 



,-l,-h;X 

'+ 



c S 




(4.5) 




(4.6) 



Integrating this inequality over the time interval (0, T) yields the desired estimate (I4.5t . 



□ 
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Second step {a priori estimate of higher-order derivatives). Each solution U to system (ll.lt satisfies the 
a priori estimate (II. 8t in case s > 0, i.e., 

||f/||^s,0;A((o^T)xR") - ^ (ll^0||/fs(IRn) + 1 1 1 1 H^."!^ ((0,T) XM" ) ) ' (^.7) 

where C = C{s, T) > 0. 

Proof. For any s G M, we have U G iJ^+^.O;^ if and only if g{t, D.^)h^* {t, D^)U, h^' {t, D^)DtU G H"'^'^. 
Moreover, the vector {g{t, Dx)h}'* {t, Dx)U, h}* {t, Dx)DtU)^ is a solution to the Cauchy problem 

r,(9h'*U\^/Aoo Q \ ( gh^'U \ ( gh'' F 

W'DtU)^' ^ \{Dxy-/^'{A{0,x,DM{x) + F{0,x))J' 
where 

Aoo = gh'- Aigh'")-^ + {Dtg)g-^ + h{Dth)h-\ 
Aio = [h'''{DtA)+U{Dth)h'*'^A]{gh''r\ 
All = h}*Ah-^*. 

By Lemma l46l below, induction on s G N, and interpolation in s > 0, we then deduce the second step from 
the first one. □ 

^00 \ c Or. Ql,l;A 



Lemma 4.6. We have An j 6 Op ' ' 

-,<,.i((Aa> 0\\_(d''-HA) 



In particular, ^ ^^J^ ^ fulfills the same assumptions as A & Op S^'^''^ does, but for {2N) x (2A^) matrices. 
Furthermore, 

(«.,.-..r4,';;...(o,))^«'<«"'' iinz) ^ 

provided that Uq G H'+'^{W), F G 

Proof. A straightforward calculation using Proposition 12. 1 1 l and (12. 6t gives ghf* A{gh'-*)^^ G Op S^'^'^, 

a\gh''A{gh'')-') = a^A), a''\gh'' A{gh''r') = a'^\A), 
{Dtg)g'\ {Dth)h'^ eOpS^'^'\ 

a'>'\{Dtg)g~') = -ik, a'''\{Dth)h'') = i, 
h^*{DtA){gh^*)-^, {Dth)U*-^A{gU*)-^ G Op5°'i'^ 

= -im\-^a^^\A), a''^\{Dth)h'*-^A{gh}'r^)=t\i\-^a^^\A), 

wdh}*Ah-^* G OpS^'i'^, 

a^{h^*Ah-^') = a^{A), d^'\h^' Ah-^') = d^'^A). 
Thus, (l49l . (14. lot hold. Moreover, (I4.11t is obvious. □ 

Third step (Existence and uniqueness). For all Uq G i7^(M"), F G i7*'°'^((0, T) x R"), where s > 0, 
system dl.lt possesses a unique solution U G i?*'°'^((0, T) x M") satisfying the a priori estimate (I4.7t . 
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Proof. Let s > 1, the general case then follows by density arguments. By Proposition 13.51 (c). we may 
suppose that Uo G C-^p(M"), F G C-^p([0,T] x M"). 

We replace the operator A{t, x, D^) by A^, x, D^) for < e < 1, where 

AS, X, i) = (A(t)lel^o(i, X, - Mt + e)-^Ai{x, i)) + A2e{t, x, 0, 

^^e{t,x,s,) = j^rj^^pr^^M{t,x,i). 

The system — ^4^ (t , x, ) is symmetrizable-hyperbolic with the lower-order term belonging to the space 
L°°((0, T), S'?o). Therefore, the Cauchy problem 

r DtUe(t,x)=AS,x,D.^)Ue(t,x) + F{t,x), (t,x) G (0,r) xM", 

I C/e(0,x) = [/o(x), 
possesses a unique solution [/^ G C°°([0, T], i7°°(]R")), see TAYLOR fT6l . 
The set {A^ : < e < 1} is bounded in S^'"^'^. Hence, the second step provides an estimate 

l|t^£||//^.0;^((0,T)xR") ^ ^ {\Wq\\h^{W") + II-^IIh=>0;A((o,t)xR")) • 

that holds uniformly in < e < 1. Furthermore, the set { {A^ — A^i)/ (e — e') : < e' < e < l} is bounded 
in S^'"^'^. From the first step as well as Propositions I3.4ll331 (e'). we deduce that 

\\Ue — Ue'\\fjO,0;\ < C \\{Ae — Asi)Ue\\HO,0;\ 

< C{e - e') \\Ue\\H0,2n,;x < C{e - e') WeWuisy,^ 

for < e' < e < 1. Since s > 1, this implies that converges to some limit U in the space H'^^^'^ as 
e +0. 

The rest of the proof is standard. □ 

5. Applications 
We discuss three examples demonstrating the value of Theorem ll.il 

5.1. Differential systems. Differential systems of the form (ll.lt with x, ^) from (ll.7t are of restricted 
interest, because a lower-order term as described by the term x^(^i x, ^) cannot occur. Hence, 

the loss of regularity is always zero. 

Consider the operator 

n 

L = Dt + Y,t^'' aj {t, x)D^^ +aQ{t,x), (5. 1) 

where aj G e°°([0, T] xM"; MiVxiv(C)) for < j < n. With ^(t, x, ^ := - YTj=it''*a'3{t,x)ij-ao{t,x), 

a\A){t,x,i) = -\{tm ^a,(t,x)^, d^'\A){x,i) = 0. 

i=i 

Proposition 5.1. Let the differential system (I5.lt be symmetrizable-hyperbolic. Then, for all s > 0, C/q G 

H^W^), and F G F^'°'^((0, T) x M"), the Cauchy problem 

J LC/(t, x) = x), (t, x) G (0, T) X M", 

I C/(0,x) = C/o(x). ^^-^^ 
possesses a solution U G H^'^'^{{0,T) x E"). This solution U is unique in L . 

Proof. We have Ai = 0. Let Mq be a symmetrizer for Aq, and Mi = 0. Then (ll.9t is satisfied with 6 = 0. 
The assertion follows immediately from Theorem ll.il □ 
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5.2. Characteristic roots of constant multiplicity. An interesting class of systems to which Theorem ll.il 

applies is that of systems having characteristic roots of constant multiplicity. 

Definition 5.2. System (ll.lt is said to have characteristic roots of constant multiplicity if it is symmetriza- 
ble-hyperbohc in the sense of Definition 14. 3 1 and if 



det{TlN-a\A)it,x,0) = Ylir-t^*fihit,x,0) 



h=l 



where Hh e C7~([0, T], 5^^)) for 1 < /i < r are real-valued, iVi + 

\fih(t,x,C) - i^h'{t,x,C)\ > c, 1 < h < h' < r, 
for some c > 0. 



+ Nr = N, and 



Remark 5.3. In case r = A^, we have Ni 
hyperbolic for t > 0. 



Nr = 1 and the operator Dt — A{t,x,Dx) is strictly 



If Dt — A{t,x,Dx) has characteristic roots of constant multiplicity, then there exists a matrix Mq G 
C7~([0,r],5W) with |detMo(t,x,C)| > c > such that 

Bo{t,x,C) := {MoAoM^^){t,x,0 = diag(/iilAr, , . . . , /XrlArJ(t, x, ^ 
is a diagonal matrix. With Ai{x, ^) = il~^a^'^{A){x, ^) as before, we put 

^ -Bi.ii -Bi,i2 ■ • • -Bi^ir^ 

Bl 21 Bi 22 • • • Bi 2r 

Bi{x,0-=Mo{0,x,OMx,OMoiO,x,0-^ = .' .' .' (5-3) 

\-Bl,rl ^l,r2 ••• Bi^rrJ 

where Bijk G C°°([0, T], ^(o)) is an Nj x matrix. 

Proposition 5.4. Assume system (ll.lt has characteristic roots of constant multiplicity, and define Bq, Bi 
as above. Let 5 G B{W; M) be so that 

ReBijjix, < Six)lN,, (x, G X (M" \ 0), 1 < j < r. (5.4) 

Then, for all s > 0, Uq e H^+P*^^^)'-* ^ and F G H^'^^^^'-^, the Cauchy problem dl.lt possesses a unique 
solution U G 

Proof. Assuming (I5.4t . we are looking for a matrix Mi G S'^'^^ such that 

Re(5i+ [MiMo-\Bo])(0,x,0 <5(x)l7v, G^" x (IR"\0). 

We are done if we can find a matrix Pi = MiM^^ in such a way that 



Bi + [Pi,Bo] 



is block-diagonal. 



/Si,ii 

-Bl,22 

\ 



\ 


Bl^rr / 



(5.5) 



Such a matrix Pi can be constructed using the fact that Bq is diagonal with distinct eigenvalues for the 
different blocks, and employing the following result, see TAYLOR 1.16. Chap. IX, Lemma 1.1]: 

For E G Mmxm{C), F G MiVx7v(C), the map 

Mmxn{C) ^ Mmxn{C), T^TF-ET, 
is bijective if and only if E and F have disjoint spectra. 
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We choose Pi so that Pijj = for 1 < j < r, where the meaning of Pijk is the same as in (I5.3t . Then 
[Pi,Bo]jk = Pi,jkBo,kk - BojjPijk for j / k, while [Pi,Bo]jj = for 1 < j < r. According to the 
result just quoted, we can choose Pijk for j ^ k so that 

Bijk+[Pi,Bo]^^ = 0, j^k. 

That is, by this choice of Pi we kill all off-diagonal entries of Bi, while the diagonal entries of Bi remain 
unchanged. Thus, we end up with (I5.5t . □ 

Example 5.5. There are two extreme cases exemplified by (a), (b) below: 

(a) Let r = N, see Remark l53] Then we can choose any 5 € M) satisfying 

Re(Mo^iMo-i)jj(0,x,^) < 5{x), € M" x (M" \ 0), 1 < i < N. 

In a forthcoming paper, we will show that this bound on 5 is sharp. 

(b) Consider the Cauchy problem 

J DtU{t,x) +ika{t,x)h{t,D^)U{t,x) = F{t,x), (t, x) G (0, T) x M", 
1 U{0,x) = Uo{x), 



(5.6) 



where a G B°°{[0,T] x W;Mnxn{C)). Then A{t,x,(,) = -iha{t,x)h{t,C), Ao{t,x,(,) = 0, and 
Ai{t,x,^) = a{t,x). By choosing Mo(t, x,^) so that Mq{0,x,^) is unitary and diagonalizes Rea(0,x), 
we see that we can choose any 6 G S°°(R"; M) satisfying 

6(x) > max Ujix), 
where i'i{x), . . . , VNi^) are the eigenvalues of Re a(0, x) (not necessarily distinct). 

5.3. Higher-order scalar equations. Let L be the operator 

L = aj„(t,x)t(j'+('*+i)l"|-'")^Z)^'L>°, G (0,r) x M", 

j+\a\<m, 
j<m 

where aja G B°°{[0, T] x M") for j + |a| < m, j < m. We assume L to be strictly hyperbolic in the sense 
that 

m 

a^{L) = l[{T-t''Mt,x,0), 

h=l 

where Hh G C°°([0, T], S^^)), 1 < /i < m, are real-valued, and 

|/Ufe(t,x,^) - /i/i'(t,a;,^)| > c|,^|, l<h<h'<m, c> 0. 

We define a reduced principal symbol of L, 

P{t) := p{t, X, T, e) = r™ + Pm-lT""'^ + ---+PIT+PO, 

where 

Pj{t,X,0 ■■= X] 

a|=r7i— J 

and a reduced secondary symbol, 

g(r) := q{x, r, ^) = g^-ar^^^ ^ g^_3^™-3 + . . . + + 

where 

qj{x,0 ■= il*'^ ^ aj„(0,x)(-|-)". 

|at=m-j-l 

The loss of regularity is then determined as follows: 
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Proposition 5.6. Lets>0,6 e B'^{W';R) satisfy 



6{x) > sup sup 

l<h<m |g|=l 



dr J 

Then, for all Uj G H'+rn-ji3,-i+p,5(x)u q ^ j < rn - 1, f e ff^^ Cauchy problem 

( Lu{t, x) = f{t, x), {t, x) G (0, T) X M", 

\ d{u{0,x) =Uj{x), 0<j<m-l, 
possesses a solution u E }js+m-i,5{x);\^ j^Ms solution u is unique in the space 



(5.8) 



Proof. We convert problem (I5.8I) into an m x m system of the first order. Tlien it is equivalent to the Cauchy 
problem 

J DtU{t,x) = A{t,x,D^)Uit,x) + F{t,x), (t, x) G (0, T) x M'", 
1 U{0,x) = Uo{x), 



g"'-'^Dtu 



where U 



/(D,)/3.(™-i)„o\ 



G (if and only if G see Remark E3(b) (i)), 



\ Um-l / 



A{t,x,0 












(m - 2) 






£/ 

(m-3)^ 



a2 








Dtg 
g 

O.m-2 



\ 







9 



and aj{t, x,S,) = Y1 



\a\<m-j "ia 



From Examplel2!9l(b). we infer that A G 5^'^'^, (T^(A)(t,x,0 = Kt)\C\^o{t,x,C), where 
/ 1 ... \ 



1 





\-Po -Pi -P2 













and cj"' ^) = where 



Ai{x,0 



(m-l 
m-2 
m - 3 





V -go 





-qi -q2 



1 

-Pm~2 —Pm~\j 



o\ 






1 

-qm-2 oy 
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Now, it is easy to provide a symmetrizer Mq for Aq, namely 





( 1 


1 


1 \ 


1 _ 




^2 










m-1 



Note that det Mg ^ = n/i>/i'('"'i ~ ^^h') and, for 1 < h, j < m, 



{Mo{t,x,0)hj 



/i^ ' +Pm-lHh H ^Pj+lf^h+Pj 



(5.9) 



According to our general scheme, see Example l5.5l (a). to read off the loss of regularity we have to calculate 



m—1 m—1 

^ (m - j) {Mo)hj {MQ^)jh - {Mo)hm {MQ^)jh 

m m—1 



m 



j=l j=l 



By virtue of i5.% . 



^ m 



Pm-ll^h ^ ^ ^ Pi+l/"/i + 



i-1 



dr ^ 2 d' 



dp 

a- 



and 



m—1 



v-vm— 1 j~l 



dp. 



□ 



j=i ^ifJ-h) ^{O,x,^ih,0 

Hence, the assertion follows. 
Remark 5.7. The expression 

k sup - (0, X, fihiO, X, 0,0 

is the connecting coefficient from Amano-Nakamura IIQ- 

A. Appendices 



A.l. A useful estimate. We consider a matrix pseudodifferential operator dt — B(t,x, D^) and its forward 
fundamental solution X{t,t') which is defined by the relations 

{dt - B{t, X, D^)) o X{t, t') = 0, 0<t' <t<T, 

X{t',t')=I, 0<t'<T. 

We suppose that this forward fundamental solution operator exists and maps 5(M") onto itself. Our assump- 
tions on B{t, X, Dx) are as follows: 

. B{t,x,0 = Bi{t,x,0+Br{t,x,0 with Si e L^{{0,T),Slo),Br G L~((0, T), 5° 5), where 
0<S<g<l,5<l, 
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• Bi{t,x,0 + Bl{t,x,0 < 2g(t,2;,0lAf forall {t,x,0 e [0,T] x M^", where ^^"(t, x, ^) denotes 
the Hermitian conjugate of the matrix Bi{t, x, 

• the real-valued scalar function q = q(t,x,^) belongs to L°°{{0,T), SIq) and depends either only 
on {t, x) or only on (t, 

. Pit, X, = /o qit', X, dt' e L~((0, T), S%). 

Think of Bi as the first-order principal symbol of B, which is almost skew-symmetric (up to an integrable 
perturbation described by q), and regaid Br as remainder term. 

Lemma A.l. Under these assumptions, the forward fundamental solution operator can be extended such 
as acting boundedly from L^(M") onto itself 

X G L°°(A+,£(l2(R"))), A+ = {{t,t'): 0<t' <t<T}. 

Proof For [t, t') G A+, we define a mapping Y{t, t') : 5(M") 5(]R") by 

Y{t, t') = exp(-p(t, X, D^)) o exp{p{t', x, D^)) o X{t, t'). 
Obviously, Y{t' , t') = I. Since the symbol p{t, x,^) does not depend on x and ^ simultaneously, we have 

dtoY{t,t') = -q{t,x,D,) oY{t,t') 

+ exp{-p{t, X, D^)) o exp{p{t', x, D^)) o B{t, x, D^) o X{t, t') 

B-qlN+ e-P(*'^'^-)e^'(*''^'^-)l^, B e-P(*''^'^-)eP(*'^'^-)) o Y{t, t') 

= iB,-qlN + Bo)oY{t,t') 

for some Bq G L°°(A+, S^s) because of exp(±p(t, x, 0) G L°°iiO, T), 8%). 

For fixed t' G [0, T], Uq G 5(M"), we define a function U{t, x) = Y{t, t')Uo{x) which solves 

dtU = {Bi - qlN + Bo)U, {t, x) G (t' , T) x M", 
U{t',x) = Uo{x). 

Employing the sharp Garding inequality and Calderon-Vaillancourt's theorem, we obtain 

dt {Uit, •), U{t, •)) = 2 Re {dtU{t, •), U{t, •)) = 2 Re ((^i - qU + Bo)U{t, •), Uit, •)) 

< {{Bi + Bl - 2qlN)U{t, •), U{t, •)) + 2 \\{BoU){t, ■)\\^, \\U{t, ■)\\^, < C \\U{t, . 

Then Gronwall's lemma implies \\U{t, •)||^2 < C ||f/(t', ■)\\i2, i.e., 

Y G L°°(A+,/:(L2(M"))). 

The operators exp(±p(t, x, -D^)) map L^(R"') continuously and bijectively onto itself which completes the 
proof. □ 

A.2. Proof of Proposition 13.61 (b). We need the following result: 

Lemma A.2. For each N x N matrix function qo G S^^^ satisfying \detqQ(x,^)\ > c for all (x,^) G 
M" X (M"\0) and some c > 0, there is an invertible operator Q G S'^j(IR"') such that a^{Q){x, = qo{x, ^). 

Proof We construct two invertible operators Qi, Q2 ^ such that 

for some x^ G M". Then the composition Q1Q2 has the desired properties. 
Construction of Qi. We employ the parameter-dependent calculus of Grubb 0. 
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Rename qo{x,^)qo{x^,^) ^ to qo{x,^). Then qo{x^,0 = liv for all ^ G M" \ 0. Therefore, there is an 
invertible N x N matrix function po e 5'(°) (M" x ((M" x 1+) \ 0)) such that | detpo(a;, C, > c/2 for 
(x, C, /u) e M" X ((M" X 1+) \ 0) and 

Po{x,^,0)=qo{x,0, (x,0 €M" X (M"\0). 

We now set 

:= x(!C,Ai|) (pi(a;,^,Ai) + x{\^\){po(.x, ^, fi) - yi(x, /x))) , 

where ^1(2;, ^, ^u) := ^ d^po{x, ^, ;u) for some integer k > 0, see |7, Remark 2.1.13]. According 

to \1 . Theorem 3.2.11], there is a ^uq > such that, for all fi > fiQ, the operator p{x, Dx, ^jl) : L^(]R") —>■ 
L^(M") is invertible. It suffices to set Qi := p{x, Dx,fi), where fi > fiQ. 

Construction of Q2. Rename qo{x^,(,) to go(0- The task to construct q G such that a^{q){x, ^) = (?o(0 
and q{x, D^) G Op5^j is invertible can be fulfilled within the framework of S'G-calculus, where one has 
symbols which have asymptotic expansions into components which are homogeneous in both the x- and 
the ^-variables. In particular, we have a symbol a^iq){x, G 5^°) (M^ \ 0)(^^5°i(M^), having the status of 
a second principal symbol, subject only to the restriction a^{a^{q){x, S,)) = qoiO- Choosing <J^{q){x,S,) 
as an elliptic symbol in x 7^ uniformly with respect to ^, we get that q{x, D^) : L^(R") L^(R") is 
a Fredholm operator. Moreover, upon an appropriate choice of a^{q){x, ^) we can achieve each integer as 
index of this operator. We choose (Tg(g)(x,^) in such a way that q{x, Dx) : L^(M") L^(M") has index 
0. Then, by adding a contribution from Op5~°°(M" x W^) if necessary, we finally arrive at an operator 
q{x, Dx) that is invertible as operator on L^(M"). We leave the details of this construction to the reader. For 
more on 5G-calculus we refer, e.g., to Schulze ^14j|. □ 

Proof of Proposition 13. 61 (b). There is a generalization of Lemma Ia!21 to the case qo G C°°([0, T]; S^'^^). 
Therefore, we find an invertible operator Qi G C°°([0, T]; Op 5^°)) such that cr°((3i)(t, x, ^) = qo{t, x, 
for G [0,T] xM"x(]R"\0). Since g G C°°([0, T]; 5°i + 5" implies g G 5°-°;^, where = 

0, it remains to construct an operator Q2 G Op S*^'"'^ such that 

a°(Q2)(t, X, = In, ^~''°(Q2)(x, = 9o(0, x, O'^iix, 0, 
and the composition Q1Q2 has the desired properties. 

Rename {qQ^qi){0, x, ^) to ^) and set Q2 = q{t, x, Dx), where 

qit,x,0 = lN + x{m{0/d)t-^''+'Ui{x,0 
for some large d > to be chosen. We have 

x{Mt){0/d)t'^''+'ki{x,0\ < Cd-\ {t,x,0 G [0,T] X m2", 
for some C > and d > is large enough. From HORMANDER (9] Theorem 18.1.15], we conclude that 

for some C" > and d > C/3 is large enough. Choosing additionally d > 9C"^A(T), we find that, for 
each t G [0, T], the operator q{t, x, Dx) is invertible on L^(M") with 

\\qit,x,Dx)'^\\c{L^{R")) < 3. 
This completes the proof. □ 
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